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The far-field description of the flow produced by a source of both momentum and
mass is given in the form of a coordinate expansion. The first term of the expansion
corresponds to the classical self-similar solution first written by Landau. The next
two terms, associated with the non-zero rate of mass, are found in the paper.

1. Introduction

The existence of self-similar solution of the Navier—Stokes equations with the
velocity decreasing as 1/r was first shown by Slezkin (1934). Landau (1944) revealed
that this solution describes the steady flow induced by a point source of momentum
placed in an unbounded fluid at rest; see Landau & Lifshitz (1987, § 23), or Sherman
(1990, §9.4), for details. Seven years after Landau, Squire (1951) published the same
solution, together with the solution of the corresponding problem when the source is
also a point source of heat. Thereafter, this solution is referred to frequently as the
Landau—Squire one (LS below) in the fluid mechanics literature.

The LS-solution has been developed in the literature. The analysis of the transient
cases, for which the point source of momentum is turned on suddenly at time zero, was
carried out numerically by Sozou & Pickering (1977). Sozou (1979) found an analytic
solution for such a creeping unsteady jet. Unsteady particle trajectories were examined
by Cantwell (1981). Pickering & Sozou (1979) investigated the steady laminar flow
produced by a point source of momentum in a spherical envelope. Recently, the
steady flow due to a point force arose in the study of thermocapillary convection
produced by a stationary bubble in a linear temperature field, see Balasubramaniam &
Subramanian (2004).

If the size of the source is finite, the classical LS-result becomes the first term of
an expansion in powers of the ratio of this size to the distance from the source. It is
well known that the total mass flux through a closed surface surrounding the origin
calculated from the LS-solution is zero. An attempt to incorporate the non-zero mass
rate in the far-field description was first made by Rumer (1953), who used for this
purpose the next term in the asymptotic coordinate expansion (as cited in Landau &
Lifshitz 1987, §23, p. 83). A revision of the solution obtained by Rumer reveals
unremovable logarithmic singularities of the velocity field at the axis, and made it
necessary to reconsider this problem.

2. Formulation

Consider a steady flow induced by a source of both momentum, of intensity Je,,
and mass, of intensity M, placed in an unbounded environment of the same fluid with
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the density p and the kinematic viscosity v. It is assumed in this study that there are
no losses of momentum. One might imagine a tiny tube emerging from the fluid with
slip velocity conditions at its outer surface or, for example, a porous spherical ball,
fixed in space, with a non-uniform surface velocity distribution to provide a non-zero
momentum flux in some direction. This paper deals with the far-field description of
such flows and the near-field details do not affect the form of the far-field solution in
first approximationst, as we will show below.

The resultant flow field is assumed to be axisymmetric and a system of spherical
coordinates with the radial coordinate " measured from the source and the angle
6 measured from the direction of the momentum €, is used to describe the flow,
0 < 0 < . To account for the source we require two conditions: that the conservation
of momentum,

™
J = 2nr"? / {,oV,.(V, cosf —Vysinf)+ pcosd —1,,.cosf+ 1, sin@} sinfdo, (2.1)
0
and the conservation of mass,
T
M = 2mr'? / pV, sinf do, (2.2)
0

are satisfied at large r’. Here 7, and 1,9 are the components of the stress tensor.
Let us define the characteristic length and velocity using the relations M =2npU.,I?
and U, =v/l., namely

M 2 2
lC = ’ UC = TEIOU b
2mpv M

and measure the pressure field using pU?2. In the above mentioned case of tube
emerging the jet, [. =aRe/2, where Re is the Reynolds number of the tube flow based
on the average velocity and the tube radius a.

Using /. and U, as scales for the spatial coordinates and for the velocity, K =
J/2mpv? remains the only parameter entering in the far-field description. Introducing
the non-dimensional stream function i (measured using .= M /2np), the governing
Navier—Stokes equation written in terms of r =+'/I. and ¢ = cos6 takes the form

La(y,Dy)  2D* [ ¢ 3y , lay\
P (1—42¥+?E)‘D1”’

(2.3)

(2.4)

where
02 1—2¢%0?
Here the stream function is defined by
IR N V'
S TR N T

The value —D?*yr/r+/1 — ¢? is the azimuthal component of the vorticity.

D’ =

t More precisely, in approximations considered the near-field details affect only the value of C;
appearing in (3.12).
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Equation (2.4) needs to be supplemented by the following boundary conditions at
the axis:

. 0%y
Ve=1=1, VYl=1 =0, ;lir% \/1—§28—§2 =0. (2.5)
The first and the second conditions represent the conservation of mass (2.2). The

last condition in (2.5) can be substituted by the requirement that radial velocity,
proportional to dy/d¢, is finite at the axis, ¢ =+1.

3. Asymptotic solution for » > 1

The LS-solution describing the point source of momentum with zero mass rate,
M =0, is the exact solution of (2.4)—(2.5) valid for all r. In terms of the stream
function it takes the form

¥ o=rfol¢), with  fo =2(1-¢%)/(A—=¢), (3.1)
where constant A is related to K = J/2npv? by the relation
4 1 A+1
K=8Al14+————-Aln—— 1<A 3.2
8 ( T3 -1 2 nA—1>’ =A= (3-2)

see Landau & Lifshitz (1987). In what follows the constant A being used, instead of
K, to characterize the flow field.

We should remark here that in spite of M being used to define the length scale [,
the dimensional stream function ' describing the point source of momentum with
zero mass rate remains independent of M,

o= (

r/
2np \ I

>fo(§) = vr' fo(¢), (3.3)

c

as it should be, where r’ is the dimensional radial coordinate.

Consider the far flow field produced by the momentum source with non-zero M.
To describe the asymptotic solution at large r the following coordinate expansion is
suggested at r > 1:

¥ =rfo(¢) +1In(r) fi(£) + f2(C) + -, (3.4)

where the first term is given by the LS-solution (3.1). Notice that in the expansion
proposed in Rumer (1953) the term proportional to Inr was not included. Substituting
(3.4) into (2.4) and equating the same order terms of the orders of r~#Inr and r—*
provides equations (A 1) and (A 2), respectively, given in the Appendix. Using the LS-
solution (3.1) the homogeneous equation (A 1) written in terms of h; = f{ becomes

aihy + axh} + ashi' +a4hl" =0, (3.5)

where the coefficients g; are also given in the Appendix. Equation (3.5) is to be solved
with the only condition that 4, is finite at the axis, ¢ =+1.

It was found that equation (3.5) has the unique general solution regular at the axis
which, aside from a constant factor, is of the form

A?—24+3CA—32A7+ A

= Az — A)

(3.6)
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The other two general solutions #, and 3, given in the Appendix, both have
logarithmic singularities at the axis. Then, &, is given by

hy = CHy, (3.7)

where the constant C remains undetermined in the frame of this approximation. It is
easily seen that

1
/ Ay de =0 (3.8)
-1

and the second term in (3.4) does not contain the mass, as it should due to its
logarithmic with r behaviour. In terms of the stream function the solution is

_ =81 —-AQ)
Ny

The calculation of constant C requires consideration of the next order term, f, in
(3.4).
Using (3.1) and (3.9) in (A 2) gives

Cao + aihy + axhl + ashl + ashi" =0, (3.10)

(3.9)

where h, = f) and qay is given in the Appendix. The third term in the expansion (3.4)
contains the mass and, then, the condition

1
/ hyde = —1 (3.11)
-1

needs to be imposed.

The homogeneous part of (3.10) coincides with (3.5). It was found that the particular
solution of (3.10), /#,, together with ', and /3, has logarithmic singularities at
¢ ==1. Then, the general solution of (3.10) can be written in the form

hy = C1 ) + h., (3.12)

where
h. =C2%2+C3JK3+C%1, (3.13)
denotes the part of 4, that is singular at the axis.

One can now use that the physically acceptable solution for &, must be regular at
the axis. The main reason to include the term proportional to Inr in the coordinate
expansion (3.4) is to employ the constant C to eliminate the singularity in (3.13). The
following designations are applied below:

1
Sj*=£i£r%{c7fj/ln(1—;)}, S]z(linjl{%j/ln(l+§)}, §j=/l%jdg, (3.14)

where j =2, 3 and p. Then, the conditions to remove the axis singularities together
with the mass requirement (3.11) are

CZS;_ + C3S;_ + CS;_ =0,
CzS_‘{ + C3_S; + C_S; =0, (3.15)
CSH+ G853 +CS), = —1.

These conditions determine the value of C, together with C, and C;, while the
constant Cy in (3.12) remains undetermined. Its value depends on the details of the
flow near the source and can be determined only by matching the asymptotic solution
at large r with the numerical solution at distances r ~ O(1).
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FiGURE 1. Computed values of C (solid line) and its asymptotic expansion (3.16)
for large A (dots); dashed line, first two terms of (3.16).
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FIGURE 2. Profiles of h. calculated for various A.

The partial solution #, has a very large analytical form and a numerical treatment
was applied in this study. The conditions

HH(0) = A(0) = #7(0) =0

were used to calculate numerically the particular solution #,. Clearly that the final
result is independent of this choice. Shown in figure 1 with a solid line are the resultant
values of C plotted as a function of A. Figure 2 shows h. calculated for different A,
where the distributions were normalized by the condition 2(0)=0. This condition
can always be satisfied by adding to h., calculated numerically, some fraction of J#,
because #°{(0) # 0 for A > 1.
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For A>> 1 the value C is given by the expansion

4 604 38468

C=—-——A 4+ _——A*—-048750A7°% +0.30037A~* — 0.2094641°
55257 T 55125 *

+ 0.12789A4712 —0.09072547* 4 0.053952471¢ —0.0396814 1 +--- . (3.16)

This expansion, calculated analytically and represented in figure 1 with dots, describes
with a high accuracy the numerical results for values of A > 1.02. The first two terms
of expansion (3.16) are plotted in figure 1 with a dashed line. All coefficients in
(3.16) were found in the exact form (as rationales). Nevertheless, the higher-order
coefficients are presented here as approximate decimals for the sake of brevity. First
terms of the h.-expansion corresponding to (3.16) are given in the Appendix.

4. Constraint on the momentum flux

The far-field coordinate expansion of the stream function (3.4) leads to the following
expansion for the total non-dimensional momentum flux:

! Inr [! e
/jod§+—/ jldc+—/ de 4o (1)
-1 r -1 rJ

where jo, ji and j, are given in the Appendix; j, is the leading term in the local

momentum flux while j; and j, represent the first and second corrections to this

value. It is easily seen that the first integral f 1 Jo d; calculated using (3.1) coincides

with the LS-value (3.2). The goal of this section is to demonstrate that the second

and third terms appearing in (4.1) are both zero, or, equivalently, that the solution

obtained in the previous section really satisfies the constraint on the momentum flux.
The constraint on j; is easily shown by using (3.1) and (3.6) in

=C(2¢fy — fo—45)

and, as we obtained, fll jide =0.
Integrating equation (A 2) from —1 to ¢ gives

¢
(&% — DAY + 20k} — 6hs + (foha)! + 2flhs + / sde
—1

= —2hi(—1)+ (3f0’(—1) —6)hy(—1), (42)

where hy = f. Multiplying (4.2) by ¢ and integrating again over ¢ from —1 to 1
provides the following integral relation:

1 1 1
[ et = p—aomdc = [ S -nse 3)
-1 -1

Analytical solutions (3.1) and (3.9) applied in expression (A 9) for j, reduce the third
integral in (4.1) to the form

! 1842 —4 A+1 !
/1 jrde = C{T+(5—9A2)ln <A—J_rl>}+/1 (2¢fy — fo—4¢)hadg (4.4)

and, as we obtained using (4.3) in order to eliminate A, f_ll Jjodz =0.

5. Conclusions

A far-field description of the flow produced by the source of momentum with non-
zero mass flow rate has been found in terms of the coordinate expansion (3.4). The
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resulting stream function rewritten in the dimensional form,

20-¢) jgm<ﬂ>u—§N1—An M

i tC (] A S (LI CAY

¥ =vr

A(L — AP 2mp

is valid at distances r'>1.=M/2npv. The leading term in (5.1), found by both
Landau and Squire, has the zero mass rate. The second term needs to be logarithmic
in r in order to eliminate the singularities at the axis appearing in the third term
associated with the non-zero mass flow rate. The third term includes the eigenfunction
part multiplied by a factor dependent on the details of the flow at distances r' ~ [...

In the coordinate expansion proposed in Rumer (1953) the logarithmic term was
not included, or, equivalently, the value C =0 was applied. The analysis carried out
in the present paper has shown that this choice leads to the velocity field with
unremovable singularities at the axis in the term responsible for the non-zero mass
rate. Even though the resultant singular velocity field is integrable to ensure a finite
mass rate, such singular behaviour at the axis is unacceptable from the physical point
of view.
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Linan of Universidad Politécnica de Madrid for continuing advice and counsel on this
work. The author thanks also Professor Antonio Sanchez of Universidad Carlos III
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Appendix
Equations determining f; and f> in (3.4) are

@ =DA" +ac i =4 + fofi" +4f T35 =0, (A1)

=D 4 =4+ fo ST+ 4f A3 +85=0, (A2)
where
1
= oo

2%
-1

f
&1

S & =Df"+4f - fo—6|fi+ fA+6—rf) " (A3)

The coefficients appearing in (3.5) and (3.10) are
_ 212A —9A% +3A%3 — 3 —14A% — 6A3C2 + 15A%

[

A(A—=¢) ’
a;p =12(1-A*/(A—=¢), (A4)
ay =4 —20A+2— AY)/(A—¢),
a3 =2(=3¢> +26A+ 1)/(A =),
ag = {2 —1.
Two singular general solutions of (3.5) are
- —8 4+ 20A% — 1843¢ + 6¢2A?
’ (¢ — Ay
—3A% +6A —9r A +902A3 — 373A? 1+¢
* Ay m(l—z) (A3
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A? —243cA—-3%A2+ A
(A—=¢)
" /f (A=) PA—302A2+9¢ A —6A%¢ +(—6A* — 6+ 12A%)In(A —¢))
(A2 —=2+30A —3¢2A2 + $3AP(1 - )
The jo, ji and j, appearing in (4.1) are
1

Hy =

dc.  (A6)

J'o=5(1—52)f51—2§fo’+2fo+§fo’ ——fofo e )fo, (A7)
Ji=1(2¢f5 — fo—4¢) fl. (A8)

= (2¢0f5 — fo—40) ff + { 2f0— 2f0+4}f1 (2¢=1R) A +ia=)1"
(A9)

With the help of the MAPLE program twenty terms of the h.-expansion corres-
ponding to (3.16) were calculated. Notice that C expands in powers of A~> whereas
h., given below, in powers of A~!. The higher-order terms of the h.-expansion take
very large forms and the first seven terms are

3, Loy 1 (15, 27, 3 1 o 22,
he = (¢ 1)+A2§+A2(4§ 08 5 ) T l6 -3¢

L 356_@4+176992 1759 1 (15,7 9503 5 11969 ;
A\ 3¢ "33 4200 12600) ' AS 20° T 1050

1 /63, 7193 , 955783 , 802351 , 16819
T e (4 216 24100 220500° 147000 (Al9)

The first term in (3.16), C =4/5, corresponds to the first three terms of (A 10).
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